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Vibration Control of Horizontally Supported
Jettcott-Rotor System Utilizing PIRC-controller
(2023)

Osama M. Omara, M. Sayed, and Nasser. A. Saeed

Abstract— This paper is devoted to investigate the
nonlinear vibration control of a horizontally supported rotor
system governed by two coupled second-order differential
equations having both quadratic and cubic nonlinearities. A
combination of the proportional controller and the integral
resonant controller is employed to suppress the undesired
lateral vibration of the considered rotor system. In addition, an
8-pole active-magnetic-bearing is utilized as an active actuator
through which the control signal will be applied on the rotor
system in the form of electromagnetic attractive forces. Based
on the proposed control strategy, the whole system
mathematical model has been established as a nonlinear two-
degree-of-freedom system coupled to two first-order
differential equations. Then, the multiple scales perturbation
method has been applied to obtain an analytical solution for
the obtained mathematical model up to the second-order
approximation. Using the derived analytical solution, the
influence of the different control gains on the system vibration
amplitudes has been explored in terms of different bifurcation
diagrams. The obtained results showed that the proposed
control method can mitigate the rotor undesired vibrations
close to zero regardless of the excitation force amplitude.
Moreover, numerical validation for all obtained analytical
results has been performed using the Runge-Kutta algorithm,
where an excellent agreement between the analytical and
numerical results is demonstrated.

Keywords— Nonlinear vibration, proportional controller,

integral  resonant  controller, perturbation
method, 8-pole active-magnetic-bearing, Jeffcott
rotor.

. INTRODUCTION

OTATING machines' vibration is one of the biggest
problems that has drawn the attention of scientists
and engineers worldwide. Nonlinear vibrations arise
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in rotating machines as a result of many different reasons,
which are: the imbalance of the rotating shafts, looseness of
the bearings, bearings clearance, crack propagation along
the rotating shafts, misalignment between two or more
shafts, asymmetry of the rotating shafts, wear between the
rotor components, and the rub-impact force between the
rotor and stator, etc. Accordingly, many research articles
that discuss rotating machine vibration analysis and control
are published and still published daily in order to find the
best and optimal design for such machines to be safe in
operation with low vibration levels. Yamamoto [1], Enrich
[2], and Ganesan [3] discussed the influence of bearing
clearance on the dynamical behaviors of both the symmetric
and asymmetric rotating shaft systems, where they
concluded that the rotor system may lose its stability at the
primary resonance as a result of the bearing clearance.
Yamamoto et al. [4-6] studied the nonlinear dynamics of the
rotor system having cubic nonlinear spring characteristics at

. 1 1 .
the primary, > —order, and 3 —order subharmonic resonance

conditions. Chavez et al. [7] and Saeed [8] investigated the
nonlinear oscillation of an asymmetric rotor system having
both quadratic and cubic nonlinearity and excited with both
external and parametric forces, simultaneously. Based on
the acquired results, the authors reported that the system can
perform either forward, backward, or both forward and
backward motion depending on the asymmetric stiffness
coefficients. In addition, the quasi-period and chaotic
motions have been reported in the case of the nonlinear
restoring force of the rotor system [9, 10]. Han and Chu
[11], and Saeed et al. [12-14] investigated the nonlinear
dynamical behaviors of a rotor system having transverse
cracks. The authors concluded that the system may respond
with strong vibration amplitudes due to the parametric
excitations that arise as a result of the cracks breathing even
if the shaft eccentricity is too small. Because nonlinearity is
the inherent phenomenon in the rotating machinery, the
small excitation sources cause a large vibration amplitude
which may be larger than the air gap between the rotor and
stator, which ultimately causes what is known as the rub-
impact force between the rotor and the stator [15-21]. It is
reported that the existence of the rub-impact force between
the rotor and stator may result in one of three motions,
which are period-n, quasi-periodic, or chaotic motion.
Although the vibration of the rotating machine is an
undesired phenomenon, it is not avoidable using passive
control techniques. The passive vibrations control technique
depends on changing the dynamics of the targeted system
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via coupling it with some kinds of absorbers that consist of
mass, springs, and damper. On the other hand, Active
control techniques depend on coupling the targeted
oscillatory system to some kind of controller via both a
network of sensors and actuators to mitigate the system's
undesired vibrations. Passive control is not the preferred
strategy with the rotating machinery because coupling an
absorber consisting of mass, spring, and damper to mitigate
the rotor's unwanted vibration is not an easy task. Therefore,
different active control techniques have been presented to
eliminate or at least suppress these vibrations to a
satisfactory level. Eissa and Saeed [22] introduced a novel
active control method to suppress the undesired vibrations
of a nonlinear rotor system. The authors introduced two
second-order fillers that are coupled to the rotor system
linearly to act as active controllers. Ishida and Inoue [23]
introduced a vibration absorber to suppress the lateral
vibration of a vertically supported rotor using 4-pole
electromagnets as an active absorber. The authors designed
their controller based on the push-pull control force to
mitigate the rotor vibration in both the horizontal and
vertical directions. Saeed and Kamel [24], applied a
PD —controller to mitigate the undesired oscillation of a
nonlinear Jeffcott rotor system utilizing a 4-pole
electromagnetic bearings system. The nonlinear vibration
control and eliminating the rub-impact forces of the
nonlinear rotor systems using different control techniques
and 4-pole electromagnetic bearings actuator has been
discussed [25-27]. In general, The electromagnetic bearings
system is an active actuator that can be used easily to apply
a controllable electromagnetic attractive force to control the
rotors' lateral vibrations without any physical contact. Many
configurations with different control techniques have been
investigated [28-33]. Recently, Saeed et al. [34] studied the
nonlinear vibration control of a vertically supported rotor
system using a Proportional Integral Resonant Controller
(PIR) and an 8 —pole actuator. The authors included the
rub-impact force in the studied mathematical model. Based
on the introduced analysis they reported that the rotor
system may respond with one of three oscillation modes,
which are no rub-impact, partial rub-impact, and full annular
rub modes. In addition, it is concluded that the applied
controller can reduce the system vibrations to a satisfactory
level and prevent the rub-impact force between the rotor and
its housing.

The current paper is intended to investigate the
vibration control of a nonlinear rotor system governed by
two coupled second-order differential equations and having
both cubic and quadratic nonlinearities. A combination of
both the P —controller and the integral resonant controller is
employed to reduce the system's undesired oscillations. The
proposed control technique is integrated into the system
using an 8-pole electromagnetic bearings system as an
actuator. The whole system mathematical model is derived
and then analyzed analytically and numerically. The
performance of the proposed controller in reducing the
rotor's undesired vibrations is explored. Finally, the main
results have been reported in the conclusions section.

In comparison with previously published work,
however many control techniques have been applied to
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suppress the undesired vibration of the horizontally
supported rotor system such as PD, PPF, and time-delayed
controllers. It is the first time to apply the PIRC- controller
to mitigate the lateral oscillation of the horizontally
supported rotor system utilizing an 8-pole active magnetic
bearing as an actuator. Based on the introduced analysis, the
obtained results demonstrated the possibility of avoiding the
rotor resonance frequency by changing the proportional
controller gains. In addition, one can increase the system
equivalent damping coefficients using the control gains of
the integral resonant controller, which ultimately eliminates
the nonlinear characteristics and forces the system to
respond as a linear one.

1. EQUATIONS OF MOTION

The equations of motion that describe the lateral
vibration of the considered system shown in Figure (1A) are
given as follows [35]:

mX(r) + cX(z) + F,, = me, e’ cos(wr) (1)

mz) + c7) + F,, = me @’ sin(wr) + my 2)
where m denotes the rotor mass in kilogram, c is the linear
damping in N.s/m, Frx and Fg, denote the restoring forces
in N in X and Y directions, respectively, e; is the disc
eccentricity in meters, w is the spinning speed in s™1, and 7
is the time in s. The rotor restoring force Fr has been
modeled as a cubic nonlinear function of the radial
displacement R = OG of the rotating shaft (see Figure
(1B)), such that Fy =k, R + KyR3 [35], where k; and ky
are the linear and nonlinear stiffness coefficients,
respectively. Accordingly, the horizontal and the vertical
restoring forces Fy and F, in Equations (1) and (2) can be
expressed as follows:

Fo =k R+ kR Jeos(0) = [k + kR |Reos(0)

= kX(@) + k[ X () + MV () @
F, =k R+ kR Jsin(0) =| & + kR |Rsin(0)
— kY1) +k, [ﬂf) +X(2) T)] @)

Inserting Equations (4) and (5) into Equations (1) and (2),
yields
MA(z) + CX(z) + kX(7) + K, (X)X (7))

2
= me w" cos(wr)

MYE) + () + K UD) + K, (1(2) + 4 (A7)
= me " sin(wr) + mg

At the static equilibrium, we have x =x=y=¥ =7y =
w = 0,and y = y,, where yg, is the static displacement of
the rotating disc below the X — axis due to both the disc and
shaft weights as shown in Figure (1A). Substituting this
condition) ie, x=x=y=¥=J=w=0,and y = yg)
into Equations (5) and (6), we have

kL st + kN)/:t = mg

®)

(6)

()



One can eliminate the constant mg from Equations (6) by
introducing the new coordinate system X and Y such that
X=xandY =y —y, into Equations (5) and (6), taking
into account Equation (7) one can obtain the following
modified equations of motion:

mX +cX+(k +ky.)X+2ky XY

+k (X° + XY?) = meo’ cos(wr) (8)
myY +cY +(k +3k 2 )Y +k .y (X +3Y?)
+k,(Y° + YX?) = mew’ sin(wr) (9)

Y
¢

(A)

Bearing

s Massless
' Elastic shaft

The main purpose of this paper is to mitigate the nonlinear
oscillation of the considered nonlinear system given by
Equations (8) and (9). Accordingly, the eight-pole active
magnetic bearing system has been introduced as an active
actuator to apply control action on the rotor system in the
form of magnetic attractive forces as shown in Figure (2).
Therefore, Equations (8) and (9) can be modified after
control to become:

> X

G6(x.y)
(B)

Figure 1. Horizontally supported nonlinear rotor system: (A) system at static equilibrium, and (B) the rotating disc

mX +cX+(k +ky.)X +2ky XY

+k (X° + XY?) = meo’ cos(wr) + F,, (10)
myY +cY +(k +3k 2 )Y +k .y, (X +3Y%)
+k (Y° + YX?) = mew’ sin(wr) + F,, (11)

where Fyy and Fyy denote the control forces generated by
the eight-pole actuator in X and Y directions, respectively.
According to the eight-pole actuator shown in Figure (2),

the control forces
follows:

F,. =F —F +(F,+F,—F,—F)cos(p)
F,, =F,—F +(F,+F ~F ~F)cos(f) (13)

where F,, F,, ..., Fg are the eight forces generated by the
eight-pole active magnetic bearing system

Fyx and Fyy can be obtained as

(12)

Figure 2. the rotor system coupled with 8-pole electromagnetic bearings
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Based on the electromagnetic theory, the attractive
electromagnetic force Fj,{j = 1,2,3,...,8} can be expressed
as follows [36]:

I?
= u,N*Acos(5) %

J
where poN?Acos(8) is constant, I; is the electrical current
of the j* magnetic pole, and h; is the air gap size between
the rotating disc and the j** magnetic pole. For the rotor
displacements X (t) and Y (7), the air-gape size between the

rotating disc and the j* the magnetic pole can be expressed
as follows:

F = (14)

h(XY)=s-X

h(X,Y) =s, - Xcos(B) - Y cos(f),

h(X.Y)=s,-Y

h(X,Y)=s,+ Xcos(f) - Y cos(p),

h(XY)=s,+X (15)
h(X.Y) =s, + Xcos(B) + Y cos(p),

h(X,Y)=s,+Y,

h(X,Y)=s, - Xcos(B) +Y cos(p).

where s, is the nominal air-gap size between each
electromagnetic pole and the rotating disc, and S = 45°.
The electrical current J; is designed to be a summation of
two currents such that:

1=1,+i, j=12..8 (16)

where [, is a constant current for the pre-magnetization of
the eight-pole system, and ; is the control current of the j*
magnetic pole. Within this article, the introduced controller
is designed to be a combination of both the P — and
IRC —controllers such that:

I =1,-kX+kU
I, =1,-kXcos(a) + kU cos(a)
- kY cos(a) + &,V cos(a)

l,=1,-kY+kV

/, =1, +kXcos(a) - kU cos(a)
- kY cos(a) + &,V cos(a)

I,=1 +kX-kU

I, =1, +kXcos(a) - kU cos(a)
+ kY cos(a) - K,V cos(a)

l,=1,+kY-kV

I, =1,-kXcos(a) + kU cos(a)
+ kY cos(a) - &,V cos()

where k4, k4 are the control gains of the P —controller in X
and Y directions, while k,, k, are the control gains of the
IRC —controller in X and Y directions. The equations of
motion of the IRC —controllers are given such that [34]:

(17)
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U+pU=yX (18)

V+ pV=7Y (19)

where y; and y, are the feedback gains of the
IRC —controller, while p; and p, are the internal feedback
gains. Figure (3) show the block diagram that illustrates the
interconnection between the rotor system and the proposed
controller. Substituting Equations (12) to (17) into
Equations (10), (11), (18), and (19), W|th mtroducmg the

X
dimensionless variables q, ==, q, = o
So 0
14
—, t=w,T, Y5y =055, p=—mr, &

So mwn Iy
So So So kn
_kz, 6 =_k3, 64_:_k4, /‘{:_2

‘ —, ;= Z_Z' n = :
\/7 ’[,LoIONZACOS(S) ylelds
o+ +@lq + 2G4 +A,(G +qq) =

QO cos(Q)+ pd, + P, + LG, + PGy
10,99, + PG + Pl G + PG4,
0099, + Pl
(20)
) 1
 + w0, + wzzqz + EAl(qlz + 367;) + Az(qz3 + qquz) =
EQ*Sin(Q) + pyf, + g, + P00 + P4,
080"+ PG, + PG, + PG5,

009, + ol
(21)

%+Aa,
(22)
04 + ﬁ'Z q4

(23)
where

p,, =4+8c0s’(a) — 85, cos’(a) — 45,
p,, =88, cos’(a) + 46,
p,, =80 cos*(a) + 48 cos’(a) +165,5, cos*(a)
—483, cos" (c) — 246, cos'(a)
, =85, cos’(a) +46;
p,, =86 cos’(a)
p,, =126, -85,5, —166,6, cos*(a) + 246, cos’(a)
. = 246, cos’ () — 16,6, cos’(a)
p,, =486, cos*(ar) — 166,05, cos' () — 166,65, cos* ()
p,, =166,8, cos*(a)

=049

= 772672



p,, =46, +8—-245, cos'(a) +16cos’ () — 126,
+85; cos*()

p,, =4 +8c0s*(a) - 85, cos’(a) — 46,

p,, =85, cos’(a) +45,

p,, =88] cos’ () + 48 cos’(ar) +160,5, cos’(a)
—486, cos*(a) — 246, cos'(a)

p,, =805, 0s*(a) +46;

p,, =85 cos*(a)

P, =126, 85,6, —166,5, cos'(ar) + 245, cos*()
Py = 246, cos’ () —165,5, cos*(a)
p,, =488, cos*(ar) — 16,6, cos*(a) —166,5, cos’(a)
Py, =168,6, cos*(a)
Py =40, +8-246, cos'(a) +16cos*(a)

1265, + 80 cos*(c)

Sensor
Fux Jeffcott-Rotor System {X(r)}
. mX + e X + (ky + by ¥E )x + 2k, ¥ XY + by (X? + XV ) = mew? cos(wt) + Fyy éﬁﬁrﬁ
MY o 5 .
M om¥ + eV + (ky+ 3k Y5 )Y + k¥ (X7 + 3¥7) + |y (V2 + ¥A?) = mew? sin(wr) + Fyy [
PIRC-Control law
Iy =Tg— by X + by 7
Iy =Ty — (ky X — kU + kea¥ — kyVicos(a)
Magnetic Bearings Actuator Iy = Iy — (ks ¥ — kW)
(Fy,Fy,Fy,Fy,Fs,Fg Fy,Fg), Iy =1y + (kg X — kpU — kes¥ + kgWeos(a) |||
Fyy=F,—F.+(F,+F,—F,—F.lcos(f), |# g = Iy + (kX — hsl)
F”r = F; _F'lr+ {Fz +F| - Fﬁ _Fg ﬁfﬂﬁmj,

Ie =1 + (kW X — by U + k¥ — kg Vicos(a)
Is=1Iy +|:;I3Y_ k.l-":l
Ig =15 — (kX — kylU — k¥ + kg V)cos(m)

Vl:r]T

0+ p Ul =y, X

Uit}

V+ gV =rF

Figure 3. Block diagram to show the engineering implementation of the proposed control technique.

I1l. ANALYTICAL SOLUTION

To investigate the nonlinear oscillations of the
controlled system given by Equations (20) to (23), the
multiple time scale perturbation technique has been applied
with this section to find a second-order approximate solution
of Equations (20) to (23) as follows [37, 40]:

gt e) = qo(Ty, T, T,) + 64, (T, T, T,)

+6°, (T, T,.T) (24)
q,(t.6) = qo(T,, T, T)) + 64, (T, T, T,)

16, (T, T, T) )
q,(t €)= eq,(T,, T, T,) + £°q, (T, T, T) (26)
q,(t €)= eq, (T, T, T,) +°q,(T,, T, T) 27)
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where T; =¢/t, {j=0,1,2}. Using the chain rule of

- s - - - da
differentiation, one can express the ordinary derivatives =

dZ
and —

e using partial differentiation rules as:

d 2
E:Do+ng+g Dz'

dZ

e +2eD,D, + (D7 +2D,D,),

A (28)
0 .
=—, =012
Following the perturbations procedure,
parameters have been re-scaled such that:

the system

2 ~ 2 ~ 2~ X
ylzg,ul,yzzg,uz,E:E E, A =&\,

A, = 52A2, Pu = gzﬁjk, j=12 k=01 (29)



Substituting Equations (24) to (29) into Equations (20) to
(23), one can obtain the following set of solvable differential
equations:

O (£9):

(0] + ), =0 (30)
(D] +@;)g, =0 (31)
0 (gb):
(Dg + wlz)qu = _ZDoqulo - A1q10qzo (32)
1.
(Dg + wzz)qzl = _ZDoquzo - EAl(qfO + 3020) (33)
O (£2):
(Do + /11)(730 =Gy (34)
(Do +4, )‘740 = Ty (35)

(D2 + &')g, =-2D,Dg, - i,Dg, - Aq,.q,
_516710‘721 - A2q13o - A2‘7105750 - qulo
-2D,D,q, + P9, + Py,

+P %" + Pt + Pl
+P1sly Gy + Prshy G + PrrioBoei
+ P50 0T + Pl + EQ COS(QT,)  (36)
-2D,D,q, - ,D,q,, —A g4,
-3A,9,.9,, - A ¢, - Ag, 4,
-2D.,D,q,, — D*q, + Py + Pl
+Pphe’ + Pt + Pralill
+Pyshe Ghy + Prstho o * Py ooy

+Pu GG + Py + EQSINQT)  (37)

The solutions to Equations (Y+), (), (34), and (35) can be
expressed as follows:

(D; +@))g,,

9Ty T T,) = AT, T)e"" + AT, T)e ™", (38)
q,(T, T, T.) = B(T, )" + B(T, T,)e"", (39)
Go(T, T T,) = SAT, T + AT, T)e ™", (a0)
GolTy TuT) = 58T, T )" + BT, T)e ™" (1)
where i = V=1, , §, = E‘Z’g iy, 8, = %ﬁz, while 4

and B are four unknown functions that will be defined in the
following stages of analysis. Substituting Equations (38)
and (39) into Equations (32) and (33), we have

q,(T,.T, T)=—ABA1 gl
utiorte 0,20, + w,)
ABA .
L gl (42)

w,(w, —20,)
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AN . BA
QT T T) = o 4 L
2(4(01 - (02) 26()2
AAA, 3BBA,
TZ & (43)
(02 a)z

Now, inserting Equations (38) to (43) into Equations (36)
and (37), yields

(D} +,)q, =[p,A+p,0A+€" 5 BA
+2p,,ABB + 2,6, A'A
+52p ARA+25,5,p, ABB
16817525, B A+ 5. p AA
+25,p A A+ 5 p BA
25,5 ABB + 5,p, ABB
+6,p,ABB +¢""%5, 5 B*A
+5,0,p,ABB + 5.5, 5, ,ABB
16755 p B A+ 3p AA
~if,o A-3A,AA-2A,ABB

A2

< e s AT
-A B A+ L AA

a)Z
2iT o, X2 12
e "2 A - A —
_—21 B2A — ﬁAZA
~2a)2 8a)£ - 2(02
3AT 27 _
+—2ABB - —ZABB
o, —Zwla)z +w,

~2ie,DAE™" + % EQe"h

+NST +cc (44)



(D! + @), =[p,,B+ p,0,B+ p e " AB
125, AAB +25,5,p, BB
+p, 02 B°B+2,55,AAB
+p, 526 AB + 5,5, BB
25,5, B°B+5,p, e AB
25,5 AAB + j 5 AAB
+p,0.AAB + 5 p, e A'B
+5.5,p, e AB + 5.5, AAB
+5,,0.5,AAB +3p, BB

—2/027'0 X2
= 3 A Y

2

—L—AAB-2A,AAB
20,0, + 0,

X 2oy a2 25 i~

-Ae A'B-3A,B°B - iji,0,B

- i(uzT0
—2/a)leB]9
+NST +cc

LiEqren
2

(45)
where cc denotes the complex conjugates terms, and NST
stands for the non-secular term. To get a bounded solution
for Equations (44) and (45), the coefficients of e~*“170 and
e~t2To should be vanished. So, the solvability conditions of
Equations (44) and (45) at the primary resonance with 1:1
internal resonance condition (i.e., when Q = w; = w,), let

the parameters g; and o, describe the closeness of Q to w,
and w, such that:

Q:a)l +0, =0 +&0, 6)
O, =0 +0,=0,+&0,

Inserting Equation (46) into Equations (44) and (45), we
have

~2io, DA+ p A+ p oA+ p,B A" +25 ABB
+25,,6,0 KA+ 8 p AA+25,5,p,ABB

+82p, B AT + 5 p KA+ 25 p AA

+6,p, B AE™" + 25, _ABB +5,p ABB

+6,p ABB + 5 p B AE™ + 5.5 p ABB
+6.5,p,ABB +5,5,p B AE™ +3p A A
~if,oA-3A,AA-2A,ABB - A B’ Ae"

A2~ A A? _
+ L AA- L BAE - 1 AA
a)z2 2(022 86()12 - 20)22
3Ai D 2A]2. = 1z 2 io,T,
+—2ABB ——ZABB +—EQ%€e =0 (47)
o, 20,0, + o, 2

20

~2iw,D,B + p,,B + p,5,B + p,,ABe
125, AAB +25,5,p B'B+ j 5:B°B
+25,6.5AAB + p, 5B + 5., BB
+25,5,,B°B + 8,5, ABe*™" 125, 5 AAB
+5, 0,AAB + p_5AAB + 5, ABe "
+6,0,p,,ABe* ™" +55,5,AAB

9A2  _
—LB'B
2

+p,,0,0,AAB +3p, BB +

22
A e
2
—2a)1a)2 +w,

A2
3A1 AZEE'_Z/UZTO
80~)12 - 2a)22
3AT
+— AAB —

@,

. o= v o= . 1.~ 5
2 2ic,T, 2 ~ 2 o Ty
~B,A'Be """ ~30,B'B ~ ifi,0,8 - ~IEQ'™ =0 (4g)

A? _ o
—12AAB - 2A2AAB
20)1(02 + o,

To analyze Equations (47) and (4A), the functions A and B
can be expressed in the polar form such that A = %ae“’1

and B = %beiez. Substituting these forms (i.e., A = %ae”’1

and B =%bei92) into Equations (47) and (48), one can
obtain the following autonomous system:



1 A sin(2p, - 2¢,) E

4d=——pua
2" 80,
+ P Sin(z(”l _2(p2) al? _1 7712111013 PE
8w, 4 (22 + o)
_E Py a _1 P PE
2 +af)  8(A+a))
1 mpys

4 (ﬂf + a)f)
P 0082(2% - 20,) o
8(/11- + @)
n APy sz(zwl 2_2¢2) alf
8w, (4 + o))
) .
A sin(2¢, ;2(02) E
160w,
+ 7722/1221014 Si2(2¢12_22(02) al?
8w, (4, + ;)
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horizontal and vertical direction, respectively, while ¢, (t)
and ¢,(t) represent the motion phase angles in the
horizontal and vertical directions, respectively. Accordingly,
to investigate the steady-state vibration amplitudes of the
system (20)-(23) as a function of the different parameters,
one can solve the nonlinear algebraic system given by
Equations (49)-(52) when setting @ = b = ¢; = ¢, = 0.0.

IV. SYSTEM STEADY-STATE DYNAMICS

Within this section, the system steady-state vibration
amplitudes (i.e., a, b) in both the horizontal and vertical
directions have been explored before and after control. In
addition, the influence of the different control parameters on
the system dynamics has been investigated by solving
Equations (49)-(52) when @ = b = ¢, = ¢, = 0.0 utilizing
one of the system parameters as a bifurcation parameter.
Before proceeding further, it is important to mention that the
coefficients &, = j—(‘:kl and &, j—;’k3 represent the
dimensionless control gains of the proportional controller,
while &, j—zkz and 8, = j—zk4 denote the dimensionless

control gains of the IRC — controller. Accordingly, the
performance of the proposed control technique can be
explored via investigating the influence of both the control
gains (i.e., 61,05,85,6,) on the steady-state vibration
amplitudes (i.e., a and b) of the controlled system given by
Equations (20)-(23). By solving Equations (49)-(52) when
a=b=¢,=¢,=00, one can obtain the different
frequency response curves as given in Figures (4)-(8).

In Figure (4), the steady-state vibration amplitudes of the
system have been plotted against the parameter o, at
different levels of the excitation amplitude E before control

(ie., when §,=8,=63=6,=0 ). The figure
2.5 J T T T
Perturbation solution (before control)
unstable Perturbation solution
2 L 4
61= 52=53=54=0.0
151 1
w E=0.035
;L  E=0.025 |
E=0.015
E=0.005
0.5 1
0 J.;
-0.1 -0.05 0 0.05 0.1 0.15
74
(A)

demonstrates that the lateral vibration in both the horizontal
and vertical directions is a monotonic increasing function of
E. In addition, the nonlinear characteristics dominate the
rotor motion at the large magnitudes of the excitation
amplitude E, where the system may respond with a
multistable solution as well as exhibit jump phenomena if it
is excited periodically with a frequency close to the system's
natural frequency.

Accordingly, the main subject of this article is to mitigate
the undesired high oscillation amplitudes (a and b) shown
in Figure (4) to a small acceptable level as well as to
eliminate the nonlinear behaviors of the rotor and force it to
respond as a linear system regardless of the level of the
excitation force using a proportional controller (i.e., §; and
65 ) and integral resonant controller (i.e., 8, and &, ),
simultaneously. The effect of the proportional controller
gains (i.e., when §; = 85 =0.99, 1.0, and 1.01) on the
system steady-state vibration amplitudes of the considered
rotor system are illustrated in Figure (5). It is clear from the
figure the small change of &, = 6; has a great influence
on the system's steady-state dynamics, where one can shift
the system frequency response curve to the right (i.e., when
setting §; = 63 = 1.01) or to the left (i.e., when setting
&, = 83 = 0.99) in order to avoid the resonance frequency
ato; = 0.

In addition, the system dynamics at the different values of
the integral resonant controller gains (i.e., when &, = 8§, =
0.001, 0.005, and 0.01) has been illustrated in Figure (6).
By examining Figure (6), one can deduce that the increase
in the controller gains §, = §,, decreases the oscillation
amplitudes (a and b), and forces the system to respond as a
linear system via increasing the equivalent damping
coefficients if the rotor system.

25 " T . :
Perturbation solution (before control)
unstable Perturbation solution
2 L 4
61= 52=53=64=0.0
15 1
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0 T L 1 ¥ S ——]
0.1 -0.05 0 0.05 0.1 0.15
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Figure 4. Steady-state vibration amplitudes of the rotor system before control at four different values of the excitation
amplitude E: (A) Horizontal oscillation amplitude a against the parameter o;, and (B) Vertical oscillation amplitude b

against the parameter o;.
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Figure 5. Steady-state vibration amplitudes of the rotor system after control at three different values of the proportional
controller gains (i.e., §; = 3 = 0.99,1.0,1.01) when E = 0.035,and §, = §, = 0.001: (A) Horizontal oscillation amplitude
a against the parameter o;, and (B) Vertical oscillation amplitude b against the parameter o;.

2 : ; : 2 ;
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Figure 6. Steady-state vibration amplitudes of the rotor system after control at three different values of the integral controller
gains (i.e., 8, = 6, = 0.001,0.005,0.01) when E = 0.035, and §; = 83 = 1.0: (A) Horizontal oscillation amplitude a
against the parameter o; and (B) Vertical oscillation amplitude b against the parameter o; .

V. NUMERICAL VALIDATIONS AND SYSTEM DYNAMICS obtained perturbation solution given by Equations (49)-(52)
have been presented as small circles via solving the original
equations of motion (i.e., Equations (20)-(32)) numerically
using the Runge-Kutta algorithm. By examining Figure (7),
one can deduce that the high oscillation amplitudes of the
system before control at the resonance condition have been
mitigated to a negligible amplitude after control. In addition,

The performance of the proposed controller in
mitigating the undesired lateral vibration of the considered
system has been explored within this section. In addition,
numerical validations for the obtained results have been
performed [41]. Figure (7) illustrates the steady-state

vibrations amplitudes of the rotor system in both the h ic f t h h
horizontal direction (i.e., a) and the vertical direction (i.e., the system Is °r°e?' to respond as a Inear one, where the
b) versus the parameter o, before control (i.e., 8, = 8, = nonlinear characteristics such as the existence of multiple

5,=8,=0) and after control (i.e., &, =8, = 1.0, 8, = solutions and_motion instqb?lity have been eIir_ninated.
3 y ) ( ! 3 2 To validate the efficiency of the combined controller

6, =0.05 ). Moreover, numerical validations for the . e Y
4 ) in mitigating the system vibration even at the large
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excitation amplitude E, the steady-state vibration amplitudes
before and after control have been plotted against E, where
E is utilized as a bifurcation parameter as shown in Figure
(8). Itis clear from the figure that the oscillation amplitudes
of the controlled system are smaller than that before control
even at the large excitation force. Finally, the temporal
oscillations of the system given by Equations (20)-(32) have
been simulated before and after turning on the controller as
shown in Figure (9). The figure simulates the system's
temporal oscillations before control (i.e., 6; =6, = 653 =

2.5 T T T T
=— Perturbation solution (before control)
Perturbation solution (after control)
unstable Perturbation solution

O Numerical solution (before control)

E=0.035

2 O  Numerical solution (after control) 7
151 1
. Before control:
) 1=63=0.0,
1+ §2=54=0.0 After control: -

6,=6,=1.0,
4,=6,=0.05
0.5 ]

0 L 1 L L L
015  -01 -0.05 0 0.05 01 0.15
(o2
1
(A)

6, =0) on the time interval 0 <t <800, while the
controller has turned on along the time interval 800 <t <
1000 via setting 6; = 63 = 1.0 and 6, = §, = 0.05 at the
instant ¢ = 800. It is clear from Figures (9A) and (9B) that
the high temporal oscillations (in both the horizontal and
vertical directions) before control on the interval 0 <t <
800 have been suppressed to very small temporal vibrations
on the time interval 800 <t < 1000 after control, where
the excessive vibrations have been channeled to the
controller as in Figures Figures (9C) and (9D).
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Figure 7. Steady-state vibration amplitudes of the rotor system versus o, before control (i.e., §; = 6, = §3 = §, = 0.0) and
after control (6, =85 =1.0, 6, =6, =0.05) when E =0.035: (A) Horizontal oscillation amplitude a against the

parameter o; , and (B)  Vertical  oscillation
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Figure 8. Steady-state vibration amplitudes of the rotor system versus E before control (i.e., §; = 6, = 63 = 6, = 0.0) and
after control (8, = 83 = 1.0, 6§, = 6, = 0.05) when g; = 0.0: (A) Horizontal oscillation amplitude a against the parameter
0, , and (B) Vertical oscillation amplitude b against the parameter 0,
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Figure 9. The system time response before control (i.e., §; = 6, = §3 = §, = 0) and after control (i.e., §; = 63 = 1.0, &, =
6, = 0.05) according to Figure (8) at o; = 0.0: (A, B) Lateral vibration in the horizontal and vertical directions before and

after control, and (C, D) The associated

VI. CONCLUSIONS

The nonlinear vibration control of a horizontally
suspended Jeffcott rotor system has been tackled within
this paper using a combination of both the proportional
and the integral resonant controllers. The proposed control
technique has been integrated into the rotor system via an
8-pole active-magnetic bearing that acts as an actuator.
The whole system mathematical model has been derived
as two second-order nonlinear differential equations
governing the lateral vibration of the rotor system, which
are coupled to two first-order differential equations that
govern the dynamics of the controller. The derived
mathematical model has been normalized and then
analyzed using the multiple-scale perturbation method up
to the second-order approximation. The amplitude-phase
modulation equations that govern the rotor vibration
amplitudes and the corresponding phase angles terms of
the system and controller parameters are obtained as four
coupled nonlinear first-order autonomous systems. Based
on the obtained amplitude-phase modulation equations,
the effects of both the system and controller parameters on
the system vibration amplitudes have been studied using
different bifurcation diagrams. The main acquired results
revealed the possibility of avoiding the rotor resonance
frequency by changing the proportional controller gains
6; and &5 . In addition, one can increase the system
equivalent damping coefficients using the control gains of
the integral resonant controller (i.e., §, and &,), which
ultimately eliminates the nonlinear characteristics and
forces the system to respond as a linear one.
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